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Abstract 
As the manufacturing community embraces the use of a variety of metrology solutions, the availability and quantity of measurement 
data is increasing. The tendency towards connectedness between manufacturing resources may also provide a mechanism for 
communication and exploitation of metrology data like never before. This research aims to provide an insight into the opportunities 
that are associated with accessible, abundant and communicable manufacturing metrology data. Issues are raised and critically 
discussed in relation to one particular aspect of manufacturing metrology, namely, machine tool accuracy verification and 
calibration. Specifically, a methodology for relating CMM part measurements to individual machine tool geometric error sources 
is described. A novel Monte Carlo simulation-based method is used to estimate previously unmeasured error values without the 
use of further testing. Using this method, the advantage of using previously captured verification and calibration data to identify 
likely causes of part defects is shown. It is envisaged that the proposed method can be used to instruct targeted machine tool 
verification and calibration routines to reduce the number of tests required to monitor a machine tool’s health. By using targeted 
tests, the need to measure all machine error sources is reduced, which in turn can improve productivity by reducing machine tool 
downtime.   
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1.Introduction 
In 1987, McKeown et al. [1] identified automated assembly, 
reduced scrap and rework, and improved part performance as 
being key motivators for precision in manufacturing. Statistical 
process control (SPC) is a widespread quality control 
methodology for moderate part quantities [2] and is an 
adequate tool in meeting the objectives set out by McKeown et 
al. [1]. However, reactive quality control methods such as SPC 
are unable to alleviate scrap and rework in low-volume 
production, where it is impossible to acquire a meaningful 
sample size. Hence, there is a requirement for information-rich, 
model-based approaches to achieve predictive quality control 
in these scenarios e.g. [3]. 
Machine tool accuracy is a key component in quality control 
for low-volume production. Industrial and academic 
developments in machine tool calibration and verification have 
helped to significantly improve machine tool accuracy via 
compensation of errors [4,5]. The true cost-benefit of 
introducing metrology into manufacturing operations is 
complex [6]. As such, there is a general drive to minimize the 
non-productive time associated with acquiring metrology data. 
This paper describes a new methodology for relating CMM part 
measurements to machine tool error sources. Heightened 
connectivity between manufactured parts and individual 
machine tool error sources forms the basis of a targeted 
machine tool verification / calibration methodology. By 
identifying machine errors that are likely to have resulted in 
part defects, fewer time-consuming tests will be needed to 
monitor a machine tool’s health, increasing productivity.  
© 2016 Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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2.Machine Tool Error Sources, Calibration and 
Verification 
There are a wide variety of error sources that can manifest 
themselves in the final machined part. Schwenke et al. [4] 
categorized error sources as either being kinematic 
(geometric), thermo-mechanical, static load, dynamic forces, 
motion control and control software related. Incorrect tool 
dimensions, poorly selected cutting parameters, 
inconsistencies in workpiece material and inadequate fixturing 
of the workpiece also affect machining accuracy. This paper 
focuses on the kinematic (geometric) errors, where errors result 
from imperfect geometry within or between machine tool axes 
and structural elements. It is therefore assumed that all other 
error effects are negligible at this time. 
2.1.Geometric Errors in Machine Tool Axes 
An axis of motion has six possible components to its error 
motion. ISO 230-1:2012 [7] defines the geometric errors of 
linear and rotary axes as either being component errors or 
location errors. Component errors are a function of commanded 
axis position. Location errors on the other hand are constant 
across the range of axis travel, describing an offset or 
orientation errors (e.g. squareness). The location and 
component errors of an exemplary three-axis machine tool are 
detailed in Table 1. 
2.2.Error Measurement – Calibration vs. Verification 
‘Direct’ error measurements measure a single error 
component in one axis. This is traditionally conducted using 
displacement sensors with artefacts, laser interferometers with 
different optics, and encoder gratings [4]. Conversely, 
‘indirect’ measurement methods are influenced by multiple 
error components, perhaps from several axes [5]. Instruments 
include the ballbar, nested sensor arrays (e.g. R-Test) and on-
machine probing of artefacts etc. Quantifying the measurement 
uncertainty of direct techniques is generally more 
straightforward than with indirect techniques [4]. Furthermore, 
separation of individual errors from measurement data can be 
highly complex with indirect methods [5]. However, indirect 
methods typically have the advantage of shorter testing 
durations as a result of fewer set-ups, resulting in less machine 
tool downtime. 
Machine tool calibration and verification are not always 
clearly differentiated and seem to lie on a spectrum. The 
previous work of Muelaner et al. [8] describes machine tool 
verification as a facility to establish a ‘Go/No-Go machine 
capability criteria’, where there is ‘no requirement to separate 
errors, diagnose faults or compensate errors’. Conversely, 
calibration focuses on the measurement and separation of axis 
motion into individual error components, which are often 
removed via adjustment or compensation [4]. Some indirect 
error measurement techniques sit between these two ends of the 
spectrum as they separate measurement data into individual 
error sources, assigning a value to each. Often, errors identified 
using these methods are only a subset of all possible errors (e.g. 
only location errors) [5]. 
To extend beyond just a subset of machine tool errors is 
challenging due to trade-offs. For example, pursuing more 
detailed error source information has traditionally meant: (i) 
greater capital investment in advanced instrumentation and /or 
artefacts, and greater levels of operator expertise; (ii) more 
machine tool down-time due to multiple apparatus set-ups and 
data processing stages, which reduces productivity.  
Laser trackers and 6-DoF laser interferometry systems can 
provide a means through which to acquire detailed error source 
information with reduced machine tool downtime [4,5,9]. 
However, care must be taken regarding measurement 
uncertainty, which can be a complex issue in e.g. 
multilateration techniques [5]. Additionally, the cost of these 
instruments suggests that overcoming technical trade-offs often 
only strengthens the impact of financial trade-offs in machine 
tool metrology [9]. The University of Bath has targeted 
different areas of the machine tool calibration-verification 
spectrum. Flynn et al. [10] focused on the use of the ballbar to 
rapidly identify location errors in 5-axis machine tools using a 
single experimental set-up.  
Table 1. The location and component errors of an exemplary three-axis machine tool as per the definitions of ISO 230-1:2012 [7] (using Y-axis as reference) 
Location Error Definitions for a 3-axis Machine Tool 3-Axis Machine Tool Diagram 
EC0X Squareness of X to Y  
EA0Z Squareness of Z to Y 
EB0Z Squareness of Z to X 
Component Error Definitions for a 3-axis Machine Tool 
EXX Linear positioning of X EAX Angular error of X about X 
EYX Straightness of X in Y EBX Angular error of X about Y 
EZX Straightness of X in Z ECX Angular error of X about Z 
EXY Straightness of Y in X EAY Angular error of Y about X 
EYY Linear positioning of Y EBY Angular error of Y about Y 
EZY Straightness of Y in Z ECY Angular error of Y about Z 
EXZ Straightness of Z in X EAZ Angular error of Z about X 
EYZ Straightness of Z in Y EBZ Angular error of Z about Y 
EZZ Linear positioning of Z ECZ Angular error of Z about Z 
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Additionally, Muelaner et al. [8] developed a solution for rapid 
verification using an artefact and on-machine touch-trigger 
probe measurements. Measurement results then inform 
‘Go/No-Go’ decisions regarding machine tool accuracy before 
machining begins.  
In all of the aforementioned methods, there is a general lack 
of connectivity between the errors in a machined component 
and the individual axis error sources. Mears et al. [11] 
highlighted the importance of integrating CMM measurements 
to provide feedback control of e.g. machine tool accuracy. For 
example, if a machine tool produces an inaccurate part, it is 
useful to identify a small sub-set of errors that may have caused 
the defect. This notion shall be referred to as ‘targeted machine 
tool verification / calibration’ and is explored as a method to 
improve productivity by reducing the number of off-line tests 
needed to monitor machine tool health. The remainder of this 
paper focuses on a method to relate CMM measurements to 
individual machine tool errors, facilitating targeted machine 
tool verification / calibration. 
3.A Framework for Model-Based Integration of Machine 
Tool Error Measurement and CMM Part Inspection 
The methodology proposed in this research follows the 
sequence of processes depicted in Figure 1. Firstly, a 
manufactured part is measured on a CMM. Having identified a 
violation of one of the tolerances, the search for likely 
candidate errors begins. This starts by gathering existing 
machine tool error information. These are likely to be the 
results from previous machine tool verification / calibration 
activities. It is critical that the measurement uncertainty 
associated with each previously measured error source is 
known. This information is subsequently used in conjunction 
with a Monte Carlo simulation to identify combinations of 
errors that may have resulted in the machined profile. 
For any previously measured error source, the input to the 
Monte Carlo simulation is a uniform distribution that is 
centered on the previously measured values. The upper and 
lower limits of this distribution are assigned using the 
uncertainty of the original measurement, expanded by a 
suitable coverage factor. As highlighted by Andolfatto et al. 
[12], this measurement uncertainty can become more 
representative if an uncertainty factor accounting for thermal 
variations is included. All previously unmeasured error sources 
are randomly varied using a uniform distribution that is 
centered on zero and varies between sufficiently large upper 
and lower bounds to reflect a region of reasonable industrial 
expectation. 
A total of ‘n’ Monte Carlo iterations are used to generate a 
large number of error combinations. Within each iteration, the 
kinematic model is used to create ‘m’ points on a machined 
surface, which are used as simulated CMM measurements. 
This requires knowledge of the process plan to understand the 
position and orientation of the workpiece, the trajectory that 
made the final cut and the tool-geometry. It also requires an 
understanding of the part’s datum feature(s) such that 
coordinates of interest can be taken from the simulated CMM 
measurements. For example, when inspecting the side-wall of 
a part, the direction that is nominally normal to this surface is 
of primary interest. Simulated CMM results are then compared 
against the ‘true’ machined surface and residual errors for each 
of the ‘m’ points. The overall residual for each iteration is taken 
as the sum of the absolute distance between points in the 
direction normal to the nominal surface. For a side-wall 
machined with only the X-axis, this is: 
 / )'*" - (#%
%
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 (1) 
The error combinations that have the lowest residual values are 
then presented to the user (e.g. best 1%). These are then studied 
to identify error values that are likely candidates for the part’s 
inaccuracy. This can be supported by the kinematic model to 
visualize hypothetical machined surfaces or to look at 
individual error profile effects in isolation. 
Having established which errors are the most likely cause of 
the part’s inaccuracy, verification / calibration routines and 
instruments are identified for each. These are then conducted 
in order of increasing machine tool downtime, to try to identify 
as many error source values as is necessary in the smallest 
amount of time. For each newly conducted error measurement, 
the ‘existing machine tool error information’ is updated. 
Additional simulations can also be run with newly updated 
error information to calculate new residuals. If measured 
machine tool errors are found to be large, or a cause for concern 
in any capacity, remedial action can be taken in the form of 
compensation via the NC control (if parameters are available). 
The following subsections discuss the construction of the 
kinematic model and the Monte Carlo simulation, giving an 
example use-case where previously unmeasured error values 
are approximated. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. Process flowchart showing the steps used to infer values for previously 
unmeasured error sources and subsequently take remedial action  
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3.1.Machine Tool Kinematic Model 
A kinematic model of a three-axis machine tool has been 
constructed using homogeneous transformations within 
MATLAB R2014b in accordance with the geometric error 
definitions in Table 1 and the transformation matrices such as 
those described in [13]. The combined machine tool 
transformation is described by the product of matrix 
multiplications in (2). 
 /  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where X, Y and Z are machine axes, (C) is the spindle, ‘b’ is 
the machine foundation and ‘t’ is the tool-tip. Each 
homogeneous transformation represents two sub-
transformations: (i) the offset between consecutive axes in the 
kinematic chain and (ii) the transformation that describes the 
commanded position and error motion of an axis. For example, 
the transformation from the Y-axis to the X-axis coordinate 
frame is: 
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Component errors are constructed in similar fashion to with 
the work of Bringmann et al. [14]. Here, three superposed 
Fourier coefficients are used to represent the smoothly varying 
component errors as a function of the commanded axis position 
(X), between the limits of travel (Xmin and Xmax). For example: 

  / $ 

%!+ - %#&

$
 , $ (4) 
This kinematic model is used in two capacities. Firstly, it is 
used to simulate the machined surface by issuing axis 
commands that would nominally give the correct surface. In 
this model, the only errors acting on the system are the location 
and component errors of the axes X, Y and Z. All other effects 
are assumed to be negligible. Secondly, it is used to generate 
virtual CMM measurements by assuming that the CMM has a 
negligibly small measurement uncertainty compared to the 
accuracy limitations of the machine tool. As such, it is assumed 
that ‘true’ measured profile of a cut can always be captured by 
the CMM measurements. 
3.2.Estimating Previously Unmeasured Error Values Via 
Monte Carlo Simulation and the Kinematic Model 
To alleviate the need for calibration/verification of all 
machine tool error sources, measurement results can be queried 
to find likely candidate error sources that would result in the 
‘true’ feature profile. Similar principles have been 
demonstrated in machine tool verification literature in 
conjunction with different measurement instruments (e.g. 
ballbar) [15]. A linearized model of the error-inclusive machine 
tool kinematics is constructed and a matrix relating machine 
tool errors to instrument measurements is inverted to solve for 
the unknown error variables. It is critical that this matrix is not 
singular, is well-conditioned and does not include any 
correlated or confounding parameters [15]. Unfortunately, it is 
well-known that a kinematic model that contains all axis 
component errors will have correlated or confounding errors 
i.e. linear axis straightness and angular errors. 
As a result of confounding and correlated machine tool error 
parameters, it can be impossible to separate the effects of some 
errors using CMM results. A more useful pursuit is to find as 
many local minima as possible across the solution space of 
virtual CMM measurements. This research utilizes Monte 
Carlo simulation to identify such subsets by randomly iterating 
error values and identifying the residual between the simulated 
machined surface and the ‘true’ virtual CMM results of the 
machined surface. However, with three squareness errors, six 
component errors per axis and six Fourier coefficients per 
component error, the search space through which the Monte 
Carlo simulation takes its random walk has 111 dimensions. 
Even if a coarse discrete sampling of 10 feasible values were 
used for each parameter (usually continuous), this would 
require . model evaluations to be exhaustive. To refine 
the search, process plan and pre-existing machine tool 
measurement information is critical. For example, if the final 
cut that finishes a particular feature is the result of a single axis’ 
motion, the Fourier coefficients from the stationary axes reduce 
to a single constant value. That is, the value that the component 
errors adopt at their commanded stationary position. This 
greatly reduces the number of input variables to the Monte 
Carlo simulation, which in turn improves the coverage of the 
solution space for fixed number of iterations. The following 
scenario illustrates this improvement in search capability.  
In this simulation, it is assumed that the side-wall of a 
prismatic part is milled using only the X-axis. The sidewall 
(machined area) is 300mm long in the X-direction, a height of 
50mm and is finish-machined using a single pass at the full 
depth of the wall. The part is subsequently inspected on a 
CMM, with 30 evenly distributed points along both the top and 
bottom of the wall, spanning the entire width of the part (60 
points in total). The approach direction of the CMM probe is 
normal to the sidewall face, suggesting that the coordinate of 
interest in the measurement output is the Y-coordinate. This 
probing routine is depicted in Figure 2. 
Three scenarios are considered, each using one-million 
iterations to search for likely error values (taking 
approximately 15 minutes on a contemporary personal  
computer). Scenario 1 (Figure 3a) represents a ‘blind search’ 
where a random walk is conducted through a range of feasible 
errors, with no a priori knowledge of error source values. 
Scenario 2 (Figure 3b) uses a priori knowledge of squareness 
errors and linear positioning errors for each axis. This can be 
thought of as a ‘minimal verification’ and calibration search. 
Scenario 3 (Figure 3c) represents the ‘ideal search’ case, where 
a priori knowledge exists for all error parameters and is only 
varied according to measurement uncertainty.  
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Fig. 2. Virtual CMM probe points near the top/bottom of the side-wall profile 
The parameters describing the uniform distributions that are 
used to search through error parameter combinations are listed 
in Table 2. These are fictitious, but have been constructed based 
upon the authors’ prior experience in machine tool calibration.  
Figure 3 shows the component error profiles relating to the 
best 1% of residuals identified during the Monte Carlo 
simulation. Solutions with lower residuals have a darker line 
on the plot. The dashed lines represent the true error profile’s 
upper and lower bounds as per the input values and 
predetermined measurement uncertainty. From Figure 3a it is 
clear that there is limited diagnostic capability when utilizing 
the ‘blind search’ method. A wide variety of error profiles 
occupy the best 1% of solutions, giving no indication of the 
region in which the component error profile might lie. Figure 
3b shows that when a small subset of the component errors is 
measured, this greatly improves the diagnostic capability of the 
Monte Carlo simulation, giving reasonable clarity on the as yet 
unmeasured (EYX) component error profile. Finally, Figure 3c 
shows that Monte Carlo searches within the bounds of 
uncertainty that straddle the previously measured component 
error value give considerably more clarity, with almost all of 
the solutions in the best 1% of residuals falling within the limits 
of uncertainty of the ‘true’ error profile.  
Table 2. Upper and lower bounds for different error types during the Monte 
Carlo search. Errors with a priori knowledge are varied by the measurement 
uncertainty, whereas unmeasured errors are varied within the feasible range. 
Error Type Feasible Range  
(Constant / Each 
Fourier Coefficient) 
Measurement 
Uncertainty Bounds 
(Constant / Each 
Fourier Coefficient) 
Squareness Errors ±100 μm/m ± 10 μm/m 
Straightness & 
Linear 
Positioning 
Errors 
±25 μm/m ± 3 μm 
Angular Errors ±10 μm/m ± 5 μm/m 
 
 
 
 
(a) Blind Search 
 
(b) Minimal Verification Search 
 
(c) Ideal Search 
Fig. 3. Line plots showing the best 1% of error values identified in the Monte 
Carlo search. Darker lines indicate better solutions and the thick, dashed lines 
represents the upper and lower bounds of the true error profile, including 
measurement uncertainty. 
	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It should be noted that not all errors will influence the profile 
measured on the CMM. As such, it is necessary to measure 
points on a variety of features, with differing positions and 
orientations. Then, using the same method presented here, 
similar graphs may be constructed and judgement can be 
passed as to which errors are likely to have resulted part 
defects. By highlighting likely candidate error sources, 
machine tool verification and calibration can be targeted 
accordingly. It is clear from this investigation that utilizing a 
priori geometric error information greatly improves the 
diagnostic capability of CMM measurements when inferring 
previously unmeasured error profiles. 
4.Conclusions and Future Research 
Through the use of a three-axis machine tool kinematic model, 
this research has highlighted the relationship between the level 
of detail in machine tool error information and the diagnostic 
capability of CMM measurements. In particular, the ability to 
infer component error profiles without necessarily conducting 
dedicated calibration measurements has been shown for a 
single axis. This provides considerable 
motivation for implementing targeted and rapid machine tool 
verification and calibration routines to assist in quality control 
in low-volume, high-value machining of components. It is 
envisaged that the realization of such a system can significantly 
reduce the production of scrap, whilst reducing machine tool 
down-time. Future research should expand upon the 
simulations shown in this paper, by considering a more 
rigorous assessment of different CMM probing routines on a 
variety of part features. Furthermore, the findings of these 
simulations should be supported with experimental evidence to 
encourage the future integration of machine tool error 
measurement and CMM inspection. 
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